The QCD light-cone Hamiltonian is diagonalized in a discrete momentum-space basis. The spectra and wavefunctions for various coupling constants, numbers of color, and baryon number are computed.
INTRODUCTION --
Quantum Chromodynamics (&CD) potentially describes all of hadronic and nuclear physics in terms of quarks and gluons as fundamental degrees of freedom.
Many features of the theory are consistent with experiment, especially at large momentum transfer where asymptotic freedom allows perturbative predictions.
However, confrontation with the most significant and intrinsically non-perturbative aspects of the theory, its predictions for the spectrum and wavefunctions of hadrons, as well as the mechanisms for confinement and jet hadronization, still must wait for theoretical solutions. In this talk, the application to QCD in 1 + 1 dimensions of a general non-perturbative approach to field theory ('Discretized Light-Cone Quantization (DLCQ)') d eve o e in Ref.
[l] is presented, and the prospects for 1 p d 3 + 1 dimensions are discussed.
SU(N) gauge th eories restricted to one spatial dimension and time have been studied extensively, both analytically12'31 and numericallyf4'51 predominantly for the case when N is large. There are some special properties of these theories peculiar to 1 + 1 dimensions which should be mentioned for the sake of orientation. Because there are no transverse directions, the gluons are not dynamical, and (in A+ = 0 gauge) their presence is felt only by the constraint equation they leave behind.
Likewise the quarks carry no spin. The fermion field may be represented as a twocomponent spinor, and chirality for massless fermions identifies only the direction of motion. The coupling constant g carries the dimension of mass, and for one quark flavor of mass m, the relevant parameter is g/m.
After the subtraction of infinite constants, the theory is finite. Finally, the restriction to one spatial dimension produces confinement automatically, even for QEDl+l. The electric field is unable to spread out and the energy of a non-singlet state diverges as the length of the system.
In spite of these idiosyncracies, these models possess certain qualities to com---mend their study, not the least being tractability. There are only so many opportunities in a lifetime to solve, albeit numerically, a confining field theory with arbitrary coupling from first principles.-With solutions in hand, conceptual questions, points of principle, or approximation schemes which do not depend on the dimensionality of the model may be addressed. For example, Krijger has used QEDl+l quantized on the light-cone to discuss the numerical treatment of scattering for bound systems!' Also, these models provide a test bed for approximation schemes and numerical techniques which may prove useful for realistic problems and a check on those, such as the large-N expansion, already in use. Ultimately, though, the motivation for this study is negative; if these models cannot be solved, there is no hope for QCD in 3 + 1 dimensions.
LIGHT-CONE QUANTIZATION
Quantization on the light-cone is formally similar to standard canonical equaltime quantization, but with a few technical differences which nevertheless make life much easier. Given a (Lorentz-invariant) Lagrangian .C(Z~), a new variable Z+ z x0 +x3 is defined to play the role of time, along with new spatial variables (in four dimensions), x-E x0 -x3 and xl E (x1, x2). Independent degrees of freedom are identified by the equations of motion. These are initialized to satisfy canonical commutation relations at x + = 0, and the creation and annihilation operators from their momentum space expansion define the Fock space. The momenta conjugate to x-and ~1, P+ and P_L respectively, are diagonal in this space and conserved by interactions. P-acts as a Hamiltonian; in general it is complicated, dependent on the coupling constant, and it generates evolution in x+. Diagonalizing it is equivalent to solving the equations of motion.
I
The mass shell condition, p2 = m2, for individual quanta implies that p-= cm2 + PglP+, so that positive (light-cone) energy quanta must also carry positive p+. This seemingly innocent detail is actually a very good thing; the positivity of p+ combined with its conservation is responsible in large part for the simplicity of this approach. First, x+ -ordered perturbation theory becomes calculationally --tTiable because a large class of diagrams which appear in the time-ordered analog vanish!'] These include any diagram containing a vertex in which quanta are created out of the vacuum; since all p+ are positive, at such a vertex the total momentum cannot be conserved.
More importantly for the work described here, but by essentially the same reasoning, the perturbative vacuum is an eigenstate of the full, interacting Hamiltonian, with eigenvalue zero. Pairs of quanta cannot be produced which conserve P -+[81 One very desir able feature of this remarkable fact is that not only is the ground state trivial, but also that all the quanta occurring in higher states are associated with meson and baryon wavefunctions rather than disconnected pieces of the vacuum.
Finally, it greatly simplifies the numerical work, especially in 1 + 1 dimensions!'
The system is quantized in a box of length L in the x-direction with appropriate boundary conditions so that momenta are discrete and Fock space states denumerable. For the fixed total momentum P +, the relevant dimensionless momentum 
Only Eqs. (5) and (6) are dynamical; these will be generated by the Hamiltonian P-. Eqs. (3) and (4) are constraints, as they involve only derivatives in x-. At each time x+, both $L and A-" may be solved for in terms of $R by inverting these derivatives with appropriate Green's functions.
$R is evidently the only independent degree of freedom and as such is the only "" field quantized..
The standard canonical commutator
may be implemented at x + = 0 by expanding in terms of creation and annihilation operators:
(bn,ce??x-+ d;,++~"-) .
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The operators which generate translations in xp are derived from the energy momentum tensor:
. P+, the momentum conjugate to x-, is diagonal, P+ = C, k$(bkb,,, +dL,,di),
-while-P-, which generates evolution in x+, is in general complicated and dependent on the coupling g. Diagonalizing P-is equivalent to solving the equations of motion.
P-in the space of color singlets may be divided into P-= m2Ho + g2V.
p2Ho is the free Hamiltonian which assigns an energy m2/k+ to each quark. The interacting piece is
where the current is normal-ordered: j+a = 2 : ~,!~fZl"t+b~ : .
The potential Ix--y-1 is the result of inverting the constraint equation (4) for A-. Finally, the interaction may be divided into a part : V : which is entirely ?iormal-ordered ( -THEi PROGRAM .
In order to evaluate and diagonalize P-numerically, the system is quantized in a box in x-of length 2L and boundary conditions are selected. Consequently, the momenta are discrete, denumerable and therefore digestible by the computer. Of course the spectrum consists of many states beyond the lightest. Because the quanta are associated only with the hadron, the wavefunctions need not be disentangled from the vacuum and are often relatively simple to interpret. In Fig.   5 , the first three (weakly coupled) meson wavefunctions are clearly the first three radial excitations of a predominantly @j state. In fact, in the non-relativistic limit these become the momentum transforms of Airy functions!151 In Fig. 5d the dominant contribution is from two 44 pairs peaked at x = l/4, with a mass twice that of the first state; it clearly represents a pair of the lightest mesons. Fig. 6 -presents a similar picture for the N = 3 baryons. The pair of baryons in Fig. 6d is selected from the B = 2 spectrum. For strong coupling, it is more difficult to Because Vt = Q", the contribution at k = 0 is proportional to the total charge Q"Q" and so may be discarded.
The Vk are color-singlet bilinears in $R, and so may be used to create mesoniclike states with momentum P+ = y.
In the limit where m/g is zero, the entire Hamiltonian is given by Eq. (15) . B ecause the Vk commute with the Vg which -app.ear in Py, (16) Not only is the state created by acting with Vk on the vacuum an exactly massless eigenstate in this limit, but states formed by repeated applications are also exactly massless. Furthermore, acting with Vk on an eigenstate of non-zero mass produces a degenerate state of opposite parity. This argument is independent of of the numerical momentum K and so gives an exact continuum result. 
(18)
The qij piece is odd; therefore this state is a scalar, as a product of pseudoscalars must be. All the massless meson wavefunctions for a given I< may be constructed in this manner; parity will alternate with each additional V.
Were the gauge group U(N) rather than SU(N)[161 the additional term associated with the extra U(l),
Lg-Q+ --2T 27r k=l ZUkUk7 c (19) appears in P-. The Uk satisfy free bosonic commutation relations, and this additional interaction is therefore the discrete light-cone Hamiltonian for free bosons of mass squared g2/2r. These formerly massless states created by the CX~ are promoted to the free massive bosons found in the Schwinger model and discussed in [17] and [18] . Th e wavefunctions for these states however are unchanged.
Note that while the entire U(1) spectrum may be built up from these non- 
Whether this state is a fermion or boson depends on N being odd or even. The quark distribution derived from this wavefunction for N = 3 becomes 6(1 -x) in the continuum limit; this J: dependence is clearly evident in Fig. [3] . The general expression for the quark distribution for a single baryon in the m/g + 0 limit is
For N = 2, q(x) = 2, which apart from the normalization, is identical to the meson distribution for all N.
NUMERICAL ACCURACY
A great deal of information about solutions in the continuum limit may be extracted by restricting the Fock space to a single qij pair. This is a good approximation to the lightest meson and its radial excitations, but neglects a large part of the low-lying spectrum when g/m is large.
Restricting the eigenvalue equation More importantly for this work, it shows the error due to discretization as that of an integral evaluated numerically on a regularly spaced grid, with spacing E = l/K. This is not normally the most efficient method, and this case is not even normal. In addition to the typical errors of order en, n 2 2, the principal-value- The next two at m/g = .05 and .l are probably not close enough to convergence for the assigned errors to be more than rough estimates.
Finally, these data may be compared with previous calculations. Fig. 8b demonstrates the rapid meson mass approach to the large-N limit from Ref. [2] -as N increases from two to four. In Fig. 8a , points from the Hamiltonian lattice higher Fock contributions are negligible. For strong coupling (small mass), the approximation is not as reliable; the effective expansion parameter g2 N/m2 is no longer small. Light baryons exist for all finite N and so may not be neglected.
The low-lying meson spectrum is dominated by states with arbitrary numbers of -quarks rather than qij excitations. Finally, the U(N) meson mass (as m/g + 0) of g2/27r is neglected in the large-N limit.
PROSPECTS IN FOUR BIMENSIONS
QCD in two dimensions is both manageable and instructive, but the world in reality consists of (at least) four. Not surprisingly, the problem becomes much more challenging, as introducing transverse directions greatly increases the degrees of freedom. Spin for the quarks, and (in A + = 0 gauge) physical, transversely polarized gluons must be included, and both carry transverse momentum, which may be discretized on a Cartesian grid, p; = (27r/L&l. The Roy can be negative, and will be restricted by the cut-off discussed below. As the Fock space grows roughly exponentially with the degrees of freedom, exploiting the remaining symmetries of the light-cone Hamiltonian under, for example, isospin, charge conjugation, and rotations of 90' in the transverse plane will be necessary to restrict the space.
In contrast to 1+ 1 dimensions, QCD3+r requires a non-trivial renormalization.
This may be implemented directly on the space of states by restricting it to those whose invariant mass satisfies
The cut-off A must be sufficiently larger than the scale of interest, with physics beyond it absorbed into the couplings and masses!13'A s is, this prescription is Lorentz, but not gauge, invariant, and likely will need to be improved. Finally, gauge invari- 
